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ON THE UNIQUENESS OF RICCI FLOW
MAN-CHUN LEE
Abstract. In this note, we study the problem of the uniqueness of solu-
tions to the Ricci flow on complete noncompact manifolds. We consider the
class of solutions with curvature bounded above by C/t when t > 0 and
prove a uniqueness result when initial curvature is of polynomial growth
and Ricci curvature of the flow is relatively small.
1. introduction
Let (Mn, g0) be a complete Riemannian manifold. In [12], Hamilton intro-
duced the Ricci flow
∂
∂t
g = −2Ric(g(t)), g(0) = g0,
and established the short-time existence and uniqueness on compact mani-
folds. Later on, using the idea of DeTurck’s trick [8], Shi [29] and Chen-Zhu
[6] generalized the existence and uniqueness result to complete noncompact
manifolds with bounded curvature. They asserted that for any complete non-
compact manifold (M, g0) with bounded curvature, there is a unique short-time
solution of the Ricci flow starting from g0 which has bounded curvature. It is
natural to ask to what extent we have the short-time existence and uniqueness
of the Ricci flow on a general complete noncompact manifold.
When n = 2, Giesen and Topping [10, 23] successfully extended the classical
results. In particular, they showed that any initial surface (including those
that are incomplete and with unbounded curvature) can be flowed in a unique
way by a smooth and instantaneously complete solution and the maximal
existence time can be explicitly calculated. In case of n = 2, the Ricci flow
can be reduced to a logarithmic fast diffusion equation whose study can be
reduced to a single scalar equation. However for n ≥ 3, the Ricci flow is a
system of nonlinear weakly parabolic partial differential equation. It is unclear
how much of their work can be extended to higher dimension.
There are nevertheless a number of existence results in which the initial
metric is complete with possibly unbounded curvature. In [30], Simon proved
that starting from any sufficiently small C0 perturbation g0 of a complete
Riemannian metric with bounded curvature, there is a short-time solution of
the Ricci harmonic heat flow. We also refer to the work [17, 24] where the
Ricci harmonic heat flow is solved starting with rough initial data obtained
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from a sufficiently small perturbation of the Euclidean metric on Rn and [25]
for a similar result in hyperbolic space. In [32], Xu constructed a solution
from a metric g0 which satisfies a Sobolev inequality and the curvature is
bounded in some Lp sense. Fei [14] constructed a solution when the initial
metric is locally Euclidean in appropriate sense using the pseudolocality of the
Ricci flow. When M = Cn, Chau-Li-Tam [3] and Yang-Zheng [33] constructed
solutions to the Ka¨hler-Ricci flow which are U(n)-invariant.
In [1], Cabezas-Rivas and Wilking obtained a Ricci flow solution when the
initial metric g0 has non-negative complex sectional curvature. Moreover the
curvature of the solution g(t) will be bounded by c/t for some constant c > 0
if in addition the initial metric is non-collapsing in the sense that the volume
of every geodesic ball of radius 1 is bounded below by a fixed positive con-
stant v0. In the non-collapsing case, the result has been recently generalized to
various situations. When the initial metric is Ka¨hler with non-negative bisec-
tional curvature, the author and Tam [21] were able to construct a short-time
solution to the Ka¨hler-Ricci flow. When the initial metric is only Riemannian
and has almost weakly PIC1, Yi [20] showed that a short-time solution also
exists. We also refer the earlier work by Bamler, Cabezas-Rivas and Wilking
[2] for the case when g0 has complex sectional curvature bounded from below
or equivalently g0 has almost weakly PIC2. On the other hand, Simon and
Topping [28] used the ideas of Hochard [15] and together with their results in
[27] to prove that similar results are true for three dimensional Riemannian
manifolds under a weaker condition that the Ricci curvature is bounded from
below.
Remarkably, although the initial metric does not have uniformly bounded
curvature on M , it is possible that the curvature of the evolving metric g(t)
becomes bounded instantaneously. Moreover, most of the examples mentioned
above satisfy |Rm(g(t))| ≤ Ct−1 for some C > 0 when t is small and positive.
Comparatively, not much is known about the uniqueness except for some
special cases. To the best of our knowledge, it is still unknown whether any of
the above examples are unique. There are a very few results in this direction.
For example, Chau-Li-Tam [4] (see also [9]) showed the uniqueness of Ka¨hler-
Ricci flow when the flows are uniformly equivalent to a fixed metric with
bounded curvature. Sheng-Wang [26] studied complete solutions with lower
bound on complex sectional curvature and proved uniqueness under some extra
assumptions on the initial metric. When n = 3, Chen [5] obtained a strong
uniqueness result which says that any complete solution of the Ricci flow
starting from the Euclidean metric must be stationary. Recently, Kotschwar
[19, 18] introduced an energy method which extended the classical uniqueness
result to the case when two flows are uniformly equivalent and their curvature
is bounded above by C(d0(x, p)
2 + 1)/tγ, γ < 1/2 or C/tγ , γ < 1. However,
most of the solutions mentioned in the constructions above satisfy a curvature
bound of the form C/t.
On the uniqueness of Ricci flow 3
In this note, we discuss the uniqueness problem on the class of solutions with
curvature bound C/t. Within the Ka¨hler category, we consider flows which
are uniformly equivalent. In this work, we will prove the following.
Theorem 1.1. Let (Mn, g0) be a complete noncompact Ka¨hler manifold with
complex dimension n. Suppose g(t) and g˜(t) is a solution to the Ka¨hler Ricci
flow with initial data g0. Assume further that ∃λ > 1, C1 > 0 such that
(i) λ−1g˜(t) ≤ g(t) ≤ λg˜(t) on M × [0, T ] and
(ii)
|Rm(g(t))| ≤ C1
t
on M × (0, T ].
Then g(t) = g˜(t) on [0, T ].
In fact, one might only require g˜(t) to be Ka¨hler by the result of Huang and
Tam [16]. In particular, they showed that the Ricci flow will remain Ka¨hler if it
is Ka¨hler initially and satisfies |Rm|(g(t)) ≤ Ct−1 for some C > 0. In the most
of the recent constructions discussed above, the solutions satisfy non-integrable
curvature bounds, and it is hard to say whether two such solutions remain
uniformly equivalent to each other. From this point of view, we discuss Ricci
flows in which uniform equivalence is not assumed. We use the energy method
in [19] to prove that if the curvature of the initial metric is of polynomial
growth and the curvature of flows is bounded by a/t where a is relatively
small, then the solutions must agree.
Theorem 1.2. For any m ∈ N, ∃ ǫ = ǫ(m) > 0 such that the following holds:
Suppose (M, g0) is a complete noncompact manifold satisfying
|Rm(g0)| ≤ C0(d(x, p) + 1)m
for some C0 > 0 and a fixed point p ∈ M . If g(t) and g˜(t) are two smooth
solutions to Ricci flow on M × [0, T ] with g(0) = g˜(0) = g0 for which
|Rm(g˜(t))|g˜(t) + |Rm(g(t))|g(t) ≤ ǫ
t
on M × (0, T ], then g(t) = g˜(t) for all t ∈ [0, T ].
Acknowledgement: The author would like to thank his advisor Professor
Luen-Fai Tam for his constant support and encouragement. He also thanks
the referee for useful comments.
2. Uniqueness of Ka¨hler-Ricci flow
In [18], the author consider the uniqueness problem if the curvature is
bounded above by Ct−γ for γ ∈ [0, 1). By integrability of the Ricci curva-
ture, two solutions g(t) and g˜(t) are also uniform equivalent to g0 and hence
to each other. In this section, we consider the problem within Ka¨hler category
and extend the uniqueness to the case of γ = 1 provided that the g(t) and g˜(t)
are uniformly equivalent along the flow.
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Proof of Theorem 1.1. By parabolic re-scaling, we may assume T = 1. Since
g¯ = g(1) has bounded curvature. By [31, Theorem 1], ∃ ρ ∈ C∞(M) such that
(2.1)


1 + dg¯(x, p) ≤ ρ(x) ≤ C2(1 + dg¯(x, p))
|∇g¯ρ|g¯ ≤ C2
|∇2g¯ ρ| ≤ C2
for some C2 > 0. By Ricci flow equation, for all t ∈ (0, 1],
λ−1tαg¯ ≤ g˜(t), g(t) ≤ λ
tα
g¯(2.2)
where α = 2(n− 1)C1. We may assume α = 1 + β > 1
As in [4], we define w :M × [0, 1]→ R to be w(x, t) =
∫ t
0
log
det g(x, s)
det g˜(x, s)
ds.
Let h(x, t, s) = sg(x, t) + (1− s)g˜(x, t), then
∂w
∂t
= log
det g(x, t)
det g˜(x, t)
=
∫ 1
0
∂
∂s
log det h(x, t, s) ds
=
(
gij¯(x, t)− g˜ij¯(x, t)
) ∫ 1
0
hij¯(x, t, s) ds.
On the other hand,
wij¯(x, t) =
∫ t
0
−Rij¯(x, s) + R˜ij¯(x, s) ds
= gij¯(x, t)− g˜ij¯(x, t).
Hence,
∂
∂t
w(x, t) = wij¯(x, t)
∫ 1
0
hij¯(x, t, s) ds.
In particular,
∂
∂t
w2(x, t)− (w2)ij¯(x, t)
∫ 1
0
hij¯(x, t, s)ds
= 2w
(
∂tw(x, t)− wij¯(x, t)
∫ 1
0
hij¯(x, t, s)ds
)
− 2wi(x, t)wj(x, t)
∫ 1
0
hij¯(x, t, s)ds
≤ 0.
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Let η(x, t) : M × (0, 1] → [0,+∞) by η(x, t) = f(t)ρ(x) where f(t) =
exp
(
−2λC2
βtβ
)
. Using (2.1) and (2.2), we have
∂
∂t
η(x, t)− ηij¯(x, t)
∫ 1
0
hij¯(x, t, s) ds
= f ′(t)ρ(x)− f(t)ρij¯(x, t)
∫ 1
0
hij¯(x, t, s) ds
≥ f ′(t)ρ(x)− λ
t1+β
f(t)|∇¯2ρ|g¯
≥ f ′(t)− λC2
t1+β
f(t)
> 0.
For any ǫ > 0, the function Fǫ(x, t) = w
2(x, t)− ǫη(x, t)− ǫt satisfies
∂
∂t
F (x, t)− Fij¯(x, t)
∫ 1
0
hij¯(x, t, s) ds < 0 on M × (0, 1].(2.3)
Since g(t) and g˜(t) are uniformly equivalent, w2 ≤ Ct2 for some C > 0. Hence,
∃ t0 ∈ (0, 1] such that for all t ∈ [0, t0], w2−ǫt < 0. On the other hand, as w2 is
bounded, there exists a compact set K such that for all (x, t) ∈M \K×(t0, 1],
Fǫ(x, t) < 0.
Suppose Fǫ > 0 somewhere, then it achieves its positive maximum at (x
′, t′) ∈
K × (t0, 1] which is impossible by (2.3). Therefore, for any ǫ > 0, Fǫ(x, t) ≤ 0
on M × [0, 1]. By letting ǫ → 0, we conclude that w ≡ 0 which implies
g(t) = g˜(t) on M × [0, 1] by differentiating w(x, t) with respect to space. 
3. Uniqueness of Ricci flow
If the curvature is bounded above by Ct−γ where γ < 1, then one can easily
see that two flows are equivalent along the flow. However there are examples
of solutions with curvature bounded above by Ct−1 which is not integrable,
then it is hard to say if two Ricci flow are uniformly equivalent. In this section,
we consider the uniqueness problem of the Ricci flow without the assuming
the uniform equivalence of the solutions. Instead, we consider the Ricci flow
solutions starting from a metric with curvature of at most polynomial growth
bound and enjoy a/t where a is small relative to the polynomial order. More
precisely, we prove the following.
Theorem 3.1. For any m ∈ N, ∃ ǫ = ǫ(m) > 0 such that the following holds:
Suppose (M, g0) is a complete noncompact manifold satisfying
|Rm(g0)| ≤ C0(d(x, p) + 1)m
for some C0 > 0 and a fixed point p ∈ M . If g(t) and g˜(t) are two smooth
solutions to the Ricci flow onM×[0, T ] with same initial data g(0) = g˜(0) = g0
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and satisfy
|Rm(g˜(t))|g˜(t) + |Rm(g)|g(t) ≤ K
t
together with
|Ric(g˜(t))|g˜(t) + |Ric(g(t))|g(t) ≤ ǫ
t
on M × (0, T ] for some K > 0, then g(t) = g˜(t) for all t ∈ [0, T ].
3.1. Exhaustion function on M . In order to apply maximum principle us-
ing energy method. We first construct a exhaustion function on M .
Lemma 3.1. Suppose g(t) is a solution of Ricci flow on M × [0, T ] satisfying
|Ric(g(t))| ≤ 1
4t
on M × (0, T ].
Then for any L1, L2 > 0, there exists τ = τ(L1, L2, T ) > 0 and a smooth
function η :M × [0, τ ]→ [0,+∞) such that
∂η
∂t
≥ L1|∇η|2 and η(x, t) ≥ L2r(x)2
on M × (0, T ] where r(x) = dg(T )(x, p) for some p ∈M .
Proof. By [11, proposition 2.1], there exists smooth function ρ : M → [0,+∞)
such that dg(T )(x, p) ≤ ρ(x) ≤ dg(T )(x, p) + 1 and |g(T )∇ρ|g(T ) ≤ 2. Due to the
curvature assumption, for any t ∈ (0, T ],√
t
T
g(T ) ≤ g(t) ≤
√
T
t
g(T ).(3.1)
Let η(x, t) = f(t)ρ2(x), then ∂η
∂t
= f ′(t)ρ2 while
|∇η|2 = f 2(t)|∇ρ|2 = f 2gij∂iρ ∂jρ ≤ 2
√
T
t
f 2.
Hence if we take
f(t) =
1
a− 4L1
√
T
√
t
then the first inequality holds. The second inequality holds when we choose a
and τ small enough. 
3.2. Estimates on curvature and its derivatives. In this subsection, we
use a result in [5] to modify estimate of |Rm(g(t))| in term of dt(x, p) if
|Rm(g(t))| < at−1 and initial curvature is of polynomial growth.
Lemma 3.2. Suppose (M, g(t)) is a complete solution of the Ricci flow on
M × [0, T ] which satisfies
|Rm|g(0) ≤ C1(dm0 (x, p) + 1) and |Rm|g(t) ≤
a
t
on M × (0, T ]
for some a,m,C1 > 0, p ∈ M . Then there exists C2 = C2(n,m,C1, a) > 0
such that
|Rm|(x, t) ≤ C2(dt(x, p)m + 1).
On the uniqueness of Ricci flow 7
Proof. Let L > 0 be a fixed constant first. Let x ∈M so that d0(x, p) = R ≥ L.
On B0(p, 2R),
|Rm|g(0) ≤ C1(2mRm + 1) = r−2.
We may assume L = L(m,C1) to be sufficiently large so that r ≤ R. Then by
[5, Corollary 3.2],
|Rm|(x, t) ≤ eCnar−2 = C1eCna(2mRm + 1), ∀t ∈ [0, T ].
But since Ric ≤ a(n − 1)t−1 on M × (0, T ], by [13, Theorem 17.2] (see also
[22, Lemma 8.3]),
dt(x, p) ≥ d0(x, p)− βn
√
at.
Hence if we choose L = L(a, n, C1, m) even larger, then 2dt(x, p) ≥ d0(x, p).
Hence, ∃C2 = C2(n, a, C1, m) > 0 such that
|Rm|(x, t) ≤ C2(dt(x, p)m + 1) whenever d0(x, p) ≥ L.
On the other hand, the curvature is bounded on B0(p, L). Use Chen’s result
again, we get the upper bound of |Rm|g(t) on B0(p, L). So by choosing a larger
C2, we conclude that
|Rm|(x, t) ≤ C2(dt(x, p)m + 1) ∀(x, t) ∈M × [0, T ].

By Shi-estimate, we can also obtain a estimate of |∇Rm| in term of spatial
information.
Lemma 3.3. Suppose (M, g(t)) is a complete solution to the Ricci flow M ×
[0, T ] which satisfies
|Rm|g(0) ≤ C1(dm0 (x, p) + 1) and |Rm|g(t) ≤
a
t
on M × (0, T ]
for some a,m,C1 > 0, p ∈ M . Then there exists C3 = C3(T, n,m, a, C1) > 0
such that
|∇Rm|g(t) ≤ C3[1 + dt(x, p)
m]3/2√
t
on M × (0, T ].
Proof. Since Ric ≤ a(n−1)t−1 on (0, T ], we conclude by integrating time that
for s ∈ [t/2, t],
λ−1dt(x, p) ≤ ds(x, p) ≤ λdt(x, p) where λ = 2a(n−1).
Now we fix t0 > 0, take ǫ = t0/2 and R ≥ 1. For t ∈ [ǫ, 2ǫ], Bǫ(p, 2λR) ⊂
Bt(p, 2λ
2R). Thus, on Bǫ(p, 2R)× [ǫ, 2ǫ],
|Rm|(z, t) ≤ C2[1 + (2λ2R)m] ≤ K = C3(Rm + 1)(3.2)
Using (3.2) with Shi’s first order estimate [7, Theorem 5.8], one can conclude
that on Bǫ(p, λR)× (ǫ, 2ǫ],
|∇Rm|(z, t) ≤ CnK
(
1
λ2R2
+
1
t− ǫ +K
)1/2
.(3.3)
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Put t = 2ǫ = t0 into (3.3),
|∇Rm|(z, 2ǫ) ≤ C(Rm + 1)
[
1
λ2R2
+
1
ǫ
+ (Rm + 1)
]1/2
≤ C3(R
m + 1)3/2
t
1/2
0
.
(3.4)
where C3 = C3(n,m, a, C1, T ) > 0. As t0 > 0 is arbitrary, we know that if
R ≥ 1, then
|∇Rm|(x, t) ≤ C3(R
m + 1)3/2√
t
on Bt(p, R).(3.5)
Now we wish to get pointwise estimate. If dt(x, p) ≤ 1, then
|∇Rm|(x, t) ≤ 4C3√
t
.
If dt(x, p) = R ≥ 1, x ∈ Bt(p, 2R). And hence,
|∇Rm|(x, t) ≤ C3[(2R)
m + 1]3/2√
t
≤ C4(1 + dt(x, p)
m)3/2√
t
.

Combines the above result and interpolates with Shi-estimate [7, Theorem 5.8]
in its standard form, we have the following estimate.
Corollary 3.1. Suppose (M, g(t)) is a complete Ricci flow for t ∈ [0, T ] sat-
isfying
|Rm|g(0) ≤ C1(dm0 (x, p) + 1) and |Rm|g(t) ≤
a
t
on M × (0, T ](3.6)
for some a,m,C1 > 0, p ∈ M . Then there exists C3 = C3(T, n,m, a, C1) > 0
such that for any x ∈M , t ∈ (0, T ], δ ∈ [0, 1],
|Rm(g(t))| ≤ C3 (dT (x, p) + 1)mδ
(
1
t
)1−δ
(3.7)
and
|∇Rm(g(t))| ≤ C3 (dT (x, p) + 1)
3δm/2
t3/2−δ
.(3.8)
Proof. The proof on the estimates of |Rm(g(t))| and |∇Rm(g(t))| are same.
We only work on |Rm(g(t))| here. When δ = 0, it was already proved in [7,
Theorem 5.8]. By interpolating it with Lemma 3.3, we have for any x ∈ M ,
t ∈ (0, T ], δ ∈ [0, 1],
|Rm(g(t))| ≤ C
(
dt(x, p) + 1
)mδ (1
t
)1−δ
.(3.9)
It suffices to compare dt(x, p) and dT (x, p).
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By [13, Theorem 17.2] again (see also [22, Lemma 8.3]), we have
dT (x, p) ≥ dt(x, p)− Cn
√
aT .
If dt(x, p) ≥ 2Cn
√
aT , then dT (x, p) ≥ 12dt(x, p). Substitutes it back to (3.9),
we have the desired result for dt(x, p) ≥ 2Cn
√
aT . If dt(x, p) < 2Cn
√
aT , we
can choose a larger constant C3 so that the conclusion holds. 
3.3. Evolution for energy quantities. Following the idea in [19], we con-
sider the following quantities
hij = gij − g˜ij, Akij = Γkij − Γ˜kij, and Slijk = Rlijk − R˜lijk.
Our goal is to show that all these three quantities vanishes on [0, T ]. Now let
us recall the evolution equation of h,A and S which can be found in [19, Page
153-154].
∂th = −2Slilj ,
∂tA = g
−1 ∗ ∇S + g−1 ∗ A ∗ R˜ + g−1 ∗ g˜−1 ∗ h ∗ ∇˜R˜
and
∂tS = ∆S +∇a(gab∇bR˜− g˜ab∇˜bR˜) + g˜−1 ∗ A ∗ ∇˜R˜
+ g˜−1 ∗ g˜−1 ∗ h ∗R ∗R + g˜−1 ∗ S ∗R + g˜−1 ∗ R˜ ∗ S.
Denote λ(x, t) ≥ 1 to be a function on M × [0, T ] such that
λ−1g˜(t) ≤ g(t) ≤ λ g˜(t), onM × [0, T ].
For any a, b > 0, h¯ = t−ah, A¯ = t−bA and |S|2g satisfies
∂t(|h¯|2) ≤ Cn|R||h¯|2 + Cnt−a|S||h¯|(3.10)
∂t(|A¯|2) ≤ Cn|R||A¯|2 + Cnt−b|∇S||A¯|+ Cnλ2|A¯|2|R˜|g˜(3.11)
+ Cnt
a−bλ4|A¯||h¯||∇˜R˜|g˜
∂t|S|2 ≤ 2〈∆S + div U, S〉+ Cnλ3|S|2
(|R|+ |R˜|g˜)(3.12)
+ Cnλ
2ta|h¯||S||R|2 + Cnλ4tb|A¯||S||∇˜R˜|g˜
where (div U)lijk = ∇a(gab∇bR˜lijk − g˜ab∇˜bR˜lijk).
Moreover,
|U | ≤ Cnλ4tb|A¯||R˜|g˜ + Cnλ4ta|h¯||∇˜R˜|g˜(3.13)
Here we use | · | and | · |g˜ to denote the norm with respect to metric g(t) and
g˜(t) respectively.
In [19], the author considered the uniqueness problem where the metrics
are uniformly. Equivalently, λ(x, t) is assumed to be uniformly bounded on
M × [0, T ]. In the following, we show that under assumption of Theorem 3.1,
λ can be controlled in term of dt(·, p).
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Lemma 3.4. Under the assumption of theorem 3.1, there exists C = C(ǫ, n,m,K,C0, T ) >
0 such that
C−1(dT (x, p) + 1)
−2mǫg0 ≤ g(t) ≤ C(dT (x, p) + 1)2mǫg0
for all (x, t) ∈M × [0, T ]. In particular, we can pick
λ(x, t) = C2(dT (x, p) + 1)
4mǫ.
Proof. Due to Corollary 3.1, when dT (x, p) ≤ r where r ≥ 1, we have
|Ric(g(t))| ≤
(ǫ
t
)1−δ
(C1r
m)δ , ∀δ ∈ [0, 1]
for some C1 = C1(K, n, C0, m, T ) > 0. By integrating it and using the Ricci
flow equation, we therefore conclude that for any δ ∈ (0, 1],
exp
[−2δ−1ǫ(C1ǫ−1rm)δ] g0 ≤ g(t) ≤ exp [2δ−1ǫ(C1ǫ−1rm)δ] g0.(3.14)
Now we choose δ ∈ (0, 1] so that δ · log(C1ǫ−1rm) = 110 . Noted that δ ∈ (0, 1]
if r is sufficiently large. Then (3.14) becomes
(C1ǫ
−1rm)−2ǫg0 ≤ g(t) ≤ (C1ǫ−1rm)2ǫg0.(3.15)

3.4. Energy argument.
Proof of theorem 3.1. We will modify the estimates so that we can apply the
energy argument used in [19].
Let r >> 1 be a sufficiently large constant. By [11, proposition 2.1], there
is a smooth function ρ in which |g(T )∇ρ|g(T ) ≤ 2 and |ρ − dg(T )| ≤ 1. Define
φ(x) = Φ(ρ(x)/r) where Φ is a smooth non-increasing function defined on
[0,+∞) which is identical to 1 on [0, 1], vanishes outside [0, 2] and satisfies
|Φ′|2 ≤ 100Φ. Let η be the function obtained from Lemma 3.1 with Li to be
chosen later. Define the energy quantity to be
E(x, t) = |h¯|2 + |A¯|2 + |S|2 and Er(t) =
∫
M
E(x, t)e−η(x,t)φ(x) dµt.
We will specify the choice of a, b, ǫ, L1 and L2 later.
We would like to point out that in [19], the author defined the energy quan-
tity using the same quantity E(x, t) but with sightly different choice of a and
b. Moreover, the cutoff function and the estimates in [19] are in term of g0
while the cutoff function here and estimates in Corollary 3.1 are with respect
to g(T ) and g˜(T ).
By Corollary 3.1, there exists C1 = C1(n, C0, T,m,K) > 0 such that for any
x ∈ supp(φ), t ∈ (0, T ], δ ∈ [0, 1],
|R|g + |R˜|g˜ ≤ C1 r
mδ
t1−δ
(3.16)
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and
|∇R|g + |∇˜R˜|g˜ ≤ C1 r
3δm/2
t3/2−δ
.(3.17)
On the other hand, by Lemma 3.4
λ(x, t) ≤ C1r4mǫ.(3.18)
For notational convenience, we will denote N to be an generic constant de-
pending only on n, C0, T,m,K for our convenience. It may vary from line to
line.
By substituting (3.16)- (3.18) into (3.10)-(3.13) and applying Cauchy in-
equalities on equations (3.10)-(3.13), we have on supp(φ) ⊂ BT (p, 3r),
∂
∂t
|h¯|2 ≤ N r
mδ
t1−δ
|h¯|2 + N
ta
|S|2 + N
ta
|h¯|2,
∂
∂t
|A¯|2 ≤ N r
8mǫ+2δm
t
3
2
−δ+b−a
|h¯|2 +N |A¯|2
[
rmδ
t1−δ
+
1
t2b
+
rmδ+8mǫ
t1−δ
+
r8mǫ+2δm
t
3
2
−δ+b−a
]
+ |∇S|2,
∂
∂t
|S|2 ≤ 2〈∆S + div U, S〉+N r
16mǫ+2δm
t
3
2
−δ−b
|A¯|2 +N r
8mǫ+mδ
t1−δ−a
|h¯|2
+N |S|2
[
r12mǫ+mδ
t1−δ
+
r16mǫ+2δm
t
3
2
−δ−b
]
|U |2 ≤ N r
32mǫ+2mδ
t2−2δ−2b
|A¯|2 +N r
32mǫ+4δm
t3−2δ−2a
|h¯|2
(3.19)
where δ can be any number in [0, 1]. Now we specify our choice of a, b, δ and
ǫ. Choose
(a) δ = 1
4m
,
(b) 1 > a > 1− δ,
(c) 1
2
> b > 1
2
− δ and
(d) ǫ = 1
40m
.
Now we are ready to get a differential inequality of Er(t). The calculation
below is similar to the one in [19, Page 172-174]. With the above choice of
a, b, δ and ǫ together with estimate (3.16), we have
∂
∂t
∫
M
e−ηφ
(|h¯|2 + |A¯|2) dµt
=
∫
M
e−ηφ ∂t
(|h¯|2 + |A¯|2)− ∂η
∂t
e−ηφ
(|h¯|2 + |A¯|2) dµt
−
∫
M
Sg e
−ηφ
(|h¯|2 + |A¯|2) dµt
≤ Nr
2
tγ
Er(t) +
∫
M
|∇S|2e−ηφ dµt
(3.20)
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on (0, τ ] where we have used Lemma 3.1. Similarly, we can also deduce that
∂
∂t
∫
M
e−ηφ|S|2dµt ≤ Nr
2
tγ
Er(t) +
∫
M
(
−∂η
∂t
)
|S|2e−ηφ dµt
+ 2
∫
M
e−ηφ〈∆S + divU, S〉 dµt
≤ Nr
2
tγ
Er(t)−
∫
M
L1|∇η|2|S|2e−ηφ dµt
+ 2
∫
M
e−ηφ〈∆S + divU, S〉 dµt.
(3.21)
We apply integration by part on the last term yielding
2
∫
M
〈△S + div U, S〉φe−ηdµ
≤ −2
∫
M
|∇S|2e−ηφdµt
+ 2
∫
M
[
|∇S||U |φ+ (|∇η|φ+ |∇φ|)(|S||∇S|+ |U ||S|)
]
e−ηdµ.
(3.22)
By Cauchy inequality again, we conclude that
2|∇S||U |φ+ 2(|∇η|φ+ |∇φ|)(|S||∇S|+ |U ||S|)
≤ N |U |2φr +N |∇η|2|S|2φr +N |∇φ|
2
φ
|S|2 + |∇S|2φ
≤ |∇S|2φ+N |U |2φ+ C2|∇η|2|S|2φ+N |∇φ|
2
φ
|S|2,
(3.23)
for some constant C2 = C2(C1, n, σ, δ, T ). We choose L1 = C2 so that the term
involving |∇η|2 can be eliminated.
Combining (3.20), (3.21), (3.22) and (3.23), we arrive at the following in-
equality
∂tEr ≤ Nr
2
tγ
Er +N
∫
Ag(T )(r,2r)
|∇φ|2
φ
|S|2e−ηdµ
on (0, τ ] for some τ = τ(L2, n,m, C0, K) > 0.
In view of (3.1), we have the following estimate.
|∇φ|2 = gij∂iφ · ∂jφ ≤ Nφ
r2
√
t
.
Together with Corollary 3.1 and Lemma 3.4, the last term is bounded above
by
N
∫
Ag(T )(r,2r)
|∇φ|2
φ
|S|2e−ηdµ ≤ N√
t
e−L2r
2
VT (BT (p, 2r)) ≤ N√
t
e−L2r
2/2
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where we have used volume comparison theorem on g(T ). Hence, for r suffi-
ciently large
∂
∂t
Er(t) ≤ Nr
2
tγ
Et +
N√
t
e−L2r
2/2(3.24)
And thus the function E¯r(t) = exp
(
−Nr2t1−γ
1−γ
)
· Et(t) satisfies
∂
∂t
E¯r(t) ≤ exp
(
−Nr
2t1−γ
1− γ −
L2r
2
2
)
N√
t
≤ Ne
−r2
√
t
.(3.25)
if we choose L2 to be sufficiently large. Since Bg(T )(p, r) is relatively compact
and hence Bg(T )(p, r) ⊂⊂ Bg0(p, r¯) for some r¯ >> 1. By [19, Lemma 10],
E¯r(t)→ 0 as t→ 0+. By integrating (3.26) from s > 0 to t ∈ [s, τ ], we get
E¯r(t) ≤ E¯r(s) + 2Ne−r2
√
t.(3.26)
By letting s → 0+ and followed by r → ∞, we conclude that h ≡ 0 on
[0, τ ]. By the uniqueness theorem [6] or iterating the arguments, we can then
conclude that g(t) ≡ g˜(t) on [0, T ].

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